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A. Frank introduced a concept of generalized polymatroid. We show that a generalized poly- 
matroid is a projection of a base polyhedron associated with a submodular system and discuss 
implication of this observation such as characterizations of faces, the intersection theorem and 
the greedy algorithm for generalized polymatroids. 
1. Introduction 
A. Frank [5] recently introduced a concept of generalized polymatroid. We shall 
show that a generalized polymatroid is a projection of a base polyhedron associated 
with a submodular system and discuss some implication of this observation. The 
present note is an abridgment of the author’s unpublished paper [9] together with 
recent related references. 
2. Definitions 
Let E be a finite set, 2E the set of all the subsets of E and R the set of reals. For 
a distributive lattice 9 formed by subsets of E with set union and intersection as 
the lattice operations we callf: k C + R a submodularfunction on the distributive lat- 
tice Y if for each pair of X, YE 5? we have the submodularity inequality: 
f(x)+f(Y)>f(xu Y)+f(XO Y). (2.1) 
A function g is a supermodular function if -g is a submodular function. Through- 
out the present paper we assume that for any function f the empty set is in the 
domain off and f(0) = 0. 
For a submodular function f: 9 -+ R on a distributive lattice 6? c 2E with E E 2 
we define the dual supermodular function f # : 3 + R, off, on the dual distributive 
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lattice ~={E-X~XEQ} of 9 by 
f*(E-X) =f(E)-f(X) (Xe 9) (2.2) 
(cf. [7], [17]). We call the pair (9,,f) asubmoduiarsystem (cf. [lo]). The polyhedron 
S(f) defined by 
5(f) = {x 1 XE RE, VXE 9 :x(X) (f(X), x(E) =f(E)} (2.3) 
is called the base polyhedron associated with the submodular system (9, f), where 
for x E RE and XE 9 we define x(X) = C {x(E) 1 e E X}. 
Suppose that Qi C_ 2E (i = 1,2) are distributive lattices such that for any XE Qr 
and YE& 
X-YE%,, Y-XE G’2. (2.4) 
Let f : 5$ + R and g : g2 --) R be, respectively, a submodular function on Qr and a 
supermodular function on 4 such that 
f(X)-g(Y) %0X- Y)-g(Y-X) (2.5) 
for any XE 9r and YE G$. Then the polyhedron Q defined by 
Q={xlxeRE, VXE~,:X(X)S~(X), k’Y~~?~:x(Y)zg(Y)} (2.6) 
is called a generalized polymatroid by Frank [5]. 
3. A simple characterization of generalized polymatroids 
Let Q be a generalized polymatroid given by (2.6) and let 6 be a new element not 
in E. Define 
l?=EU{&}, 
Note that C? C_ 2’ is a distributive lattice with ,??‘E 
f^: @ -+R by 
“RX) =f(X) (XE 9,), 
f(X) = p(g) - g(E -X) (XG a;>, 
J”(E) = c, 
where c is an arbitrary but fixed real. 
g 
(3.1) 
(3.2) 
(3.3) 
Also define a function 
(3.4) 
(3.5) 
(3.6) 
Theorem 1. For a generakedpolymatroid Q given by (2.6) fhere exists a basepoly- 
hedron B(p) associated with a submodular system (G,,f) with 4 C_ 2E and I? = 
E U {C} such that Q is a projection of B(f), along the &axis, onto the hyperplane 
x(e) = 0 in R’, i.e., 
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Q= {x[x~R~, BER:(x,(T)EB(.?)}. (3.7) 
Proof. Let 4 andf be defined by (3.1)-(3.6). For any XE 9, and YE 32 we have 
from (2.5), (3.4) and (3.5) 
.?(X)+f(Y) =f(X)+_W)-g(E- Y) 
Z-j-(X-Q- Y))+_@-g((E- Y)-X) 
= f(X r-l Y) +f@) - g(E - (X U Y)) 
=f(xn Y)+f(XU Y). (3.8) 
Therefore, f: 4 + R is a submodular function on the distributive lattice 6. More- 
over, for some (Y E R, (x, a) E B(f) if and only if 
x(X) 5 3m = f(X) WE %I, (3.9) 
x(X-{@})+cr~.?(X) =_&Z?)-g(E-X) (XC a;>, (3.10) 
x(E) + a =I@). (3.11) 
Eliminating a in (3.10) by using (3.1 l), we have 
x(E-X)zg(E-X) (XE Gj). (3.12) 
Consequently, we have (3.7). 0 
Note that the base polyhedron, IB(f^) in Theorem 1 is unique up to translation 
along the @-axis. It should also be noted that Theorem 1 is implicit in the proof of 
Proposition 4 in [5] and the relation (3.7) is also used in [15] to show the equivalence 
of total dual integrality of (2.3) and (2.6). 
Theorem 2. Let f^: @ --t R be an arbitrary submodular function on an arbitrary 
distributive lattice 8 c 2’ with I? E G. Then, for any & E I? the projection along the 
&-axis of the base polyhedron B(f) associated w 
x(C) = 0 is a generalized polymatroid. 
Proof. Define distributive lattices gi and 9 by 
Q’1= {X] C$XE 8}, 4 = {&Xl 
ith (4, f) onto the hyperplane 
&EXE 9}. (3.13) 
Also define a submodular function f: g1 --t R and a supermodular function 
g: gl+R by 
f(X) =AX) (XE Y,), g(Y) =+P(Y) (YE 92). (3.14) 
Then we can easily see that thesefand g define a generalized polymatroid Q by (2.6) 
which coincides with the one given by (3.7). 0 
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Remark 1. In Theorems 1 and 2 the projection along the E-axis onto the hyperplane 
x(Z) = 0 in RE determines a one-to-one affine mapping from the hyperplane x(,??) = 
j;(E) onto the hyperplane x(S) = 0. Consequently, a generalized polymatroid Q and 
a corresponding base polyhedron lb(%) are isomorphic with each other under the 
one-to-one affine mapping (projection). Therefore, polyhedral propertes of Q are 
completely reflected by those of B(f). For example, characterizations of extreme 
points, faces etc. of base polyhedra [1,2,11,12,16,18,19], the intersection theorem 
for polymatroids [2] and its generalization (cf. [lo]) and the greedy algorithm for 
base polyhedra [2,3,12,14] can directly be applied to generalized polymatroids. It 
should be noted that R. Hassin [13] considered generalized polymatroids for the 
case of Qi = 5$= 2E earlier than Frank [5] and showed the greedy algorithm for 
generalized polymatroids. 
Remark 2. Frank [5] originally defined generalized polymatroids in terms of inter- 
secting families. This corresponds to the fact shown in [S] that a submodular function 
on a crossing family determines a base polyhedron associated with a submodular 
system. Note that if 4 c 2E is a crossing family, then 9 (i = 1,2) defined by (3.13) 
are intersecting families. (For precise definitions of intersecting and crossing 
families see e.g. [4,6,8].) 
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